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We introduce a general framework for thermometry based on collisional models, where ancillas probe the
temperature of the environment through an intermediary system. This allows for the generation of correlated
ancillas even if they are initially independent. Using tools from parameter estimation theory, we show through
a minimal qubit model that individual ancillas can already outperform the thermal Cramer-Rao bound. In
addition, due to the steady-state nature of our model, when measured collectively the ancillas always exhibit
superlinear scalings of the Fisher information. This means that even collective measurements on pairs of ancillas
will already lead to an advantage. As we find in our qubit model, such a feature may be particularly valuable for
weak system-ancilla interactions. Our approach sets forth the notion of metrology in a sequential interactions
setting, and may inspire further advances in quantum thermometry.
Quantum metrology aims to employ resources such as en-
tanglement [1], coherence [2] and squeezing [3], to provide
improvements in the precision of a large variety of physical
measurements [4–6]. One such type, which stands out due to
its universal importance, is thermometry [7, 8]. Several pa-
pers have discussed how quantum resources could be used to
yield significant enhancements in temperature estimation [9–
17]. This could have a large impact particularly on low tem-
perature applications such as ultra-cold atoms, trapped ions
and superconducting devices, where minimally-invasive ther-
mometric methods are seldom available (c.f. the proposal in
Ref. [18] for a counterexample).
Quantum thermometry can be cast under the general frame-
work of parameter estimation theory. The goal is to estimate
the temperature T of a thermal environment by allowing it
to interact with one or more ancillas, which are then sub-
sequently measured. In the simplest measurement protocol,
N identical ancillas thermalize individually with the environ-
ment. The finite heat capacity C of each ancilla will then limit
the precision of the corresponding temperature estimate to a
minimum uncertainty of (∆T/T )2 ≥ kB/NC, corresponding
to the Cramer-Rao bound for thermal states [7, 8]. The 1/N
scaling of the temperature variance, also known as the stan-
dard limit, stems from statistically independent measurements
of each ancilla. In practice, the bound may not be attainable
when the ancilla interacts strongly with its environment [18].
In general, superlinear scalings in 1/N can be obtained with
collective measurements on correlated ancillas, e.g. by prepar-
ing an initially entangled N-ancilla state [1, 2]. Alternatively,
one may perform N sequential measurements on the same
ancilla [19–22], in such a way that the outcomes are corre-
lated. Specifically in the context of thermometry, this method
would generally not improve the accuracy of temperature esti-
mation [21], but this could in principle change using adaptive
schemes [22].
In this Letter, we introduce an alternative framework of
thermometry inspired by collisional models [23–27], in which
the quantum advantages arise from repeated interactions be-
tween a continuous stream of independently prepared ancil-
las and a system mediating the thermal contact with the en-
vironment. We show that, at sufficiently high repetition rates
and strong interactions, individual ancillas already surpass the
thermal Cramer-Rao bound [12]. In addition, enhancements
are also found by exploiting the quantum correlations that are
created among multiple ancillas. The paper presents first the
theoretical framework, then explicit results based on a mini-
mal qubit model.
Formal framework - We consider thermometry in a col-
lisional model setting as depicted in Fig. 1. A system S is
coupled to a thermal environment E at temperature T while
interacting with a stream of independent and identically pre-
pared (i.i.d.) ancillas {A1, A2, . . .}. Information about T is en-
coded in the ancillas through S , which can then be retrieved by
suitable measurements of a sufficiently large number of ancil-
las in order to build the statistics. Experiments with Rydberg
atoms probing a thermally excited cavity, for instance, would
be a natural physical implementation of this scheme [28].
Assuming that the system-ancilla (SA) interaction time τS A
is short compared to the system-environment (SE) coupling
time τS E between subsequent ancillas and the characteristic
thermalisation time, we can neglect the environment during
the SA interaction. Hence, we describe the dynamics by al-
ternating between the repeated application of a unitary map
US An (ρ) = US AnρU†S An acting on the system and the n-th an-
cilla, followed by the thermal map ES (ρ) acting only on the
system during τS E , see Fig. 1(b). Here, US An = e
−iVτS A/~ is the
unitary operator generated by the SA interaction Hamiltonian
VS An . The thermal map ES (ρ) alone would drive the system
towards the Gibbs state ρthS = e
−HS /kBT /Z, where HS is the
system Hamiltonian and T is the environment temperature.
The global state of S , A1, . . . , An before the next S A inter-
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<latexit sha1_base64="Ogmm F/uTRgUZiC88x4RBtP BzJJE=">AAAB6nicb VBNS8NAEJ3Ur1q/qh 69LBahXkoigh6LXjx WtB/QhjLZbtqlm03Y 3Qgl9Cd48aCIV3+RN/ +N2zYHbX0w8Hhvhpl 5QSK4Nq777RTW1jc2 t4rbpZ3dvf2D8uFRS 8epoqxJYxGrToCaCS5 Z03AjWCdRDKNAsHYw vp357SemNI/lo5kkz I9wKHnIKRorPVTxvF +uuDV3DrJKvJxUIEej X/7qDWKaRkwaKlDrr ucmxs9QGU4Fm5Z6qW YJ0jEOWddSiRHTfjY /dUrOrDIgYaxsSUPm 6u+JDCOtJ1FgOyM0I7 3szcT/vG5qwms/4zJ JDZN0sShMBTExmf1N BlwxasTEEqSK21sJH aFCamw6JRuCt/zyKml d1Dy35t1fVuo3eRxF OIFTqIIHV1CHO2hAE ygM4Rle4c0Rzovz7n wsWgtOPnMMf+B8/gC Iq41K</latexit><latexit sha1_base64="Ogmm F/uTRgUZiC88x4RBtP BzJJE=">AAAB6nicb VBNS8NAEJ3Ur1q/qh 69LBahXkoigh6LXjx WtB/QhjLZbtqlm03Y 3Qgl9Cd48aCIV3+RN/ +N2zYHbX0w8Hhvhpl 5QSK4Nq777RTW1jc2 t4rbpZ3dvf2D8uFRS 8epoqxJYxGrToCaCS5 Z03AjWCdRDKNAsHYw vp357SemNI/lo5kkz I9wKHnIKRorPVTxvF +uuDV3DrJKvJxUIEej X/7qDWKaRkwaKlDrr ucmxs9QGU4Fm5Z6qW YJ0jEOWddSiRHTfjY /dUrOrDIgYaxsSUPm 6u+JDCOtJ1FgOyM0I7 3szcT/vG5qwms/4zJ JDZN0sShMBTExmf1N BlwxasTEEqSK21sJH aFCamw6JRuCt/zyKml d1Dy35t1fVuo3eRxF OIFTqIIHV1CHO2hAE ygM4Rle4c0Rzovz7n wsWgtOPnMMf+B8/gC Iq41K</latexit><latexit sha1_base64="Ogmm F/uTRgUZiC88x4RBtP BzJJE=">AAAB6nicb VBNS8NAEJ3Ur1q/qh 69LBahXkoigh6LXjx WtB/QhjLZbtqlm03Y 3Qgl9Cd48aCIV3+RN/ +N2zYHbX0w8Hhvhpl 5QSK4Nq777RTW1jc2 t4rbpZ3dvf2D8uFRS 8epoqxJYxGrToCaCS5 Z03AjWCdRDKNAsHYw vp357SemNI/lo5kkz I9wKHnIKRorPVTxvF +uuDV3DrJKvJxUIEej X/7qDWKaRkwaKlDrr ucmxs9QGU4Fm5Z6qW YJ0jEOWddSiRHTfjY /dUrOrDIgYaxsSUPm 6u+JDCOtJ1FgOyM0I7 3szcT/vG5qwms/4zJ JDZN0sShMBTExmf1N BlwxasTEEqSK21sJH aFCamw6JRuCt/zyKml d1Dy35t1fVuo3eRxF OIFTqIIHV1CHO2hAE ygM4Rle4c0Rzovz7n wsWgtOPnMMf+B8/gC Iq41K</latexit><latexit sha1_base64="Ogmm F/uTRgUZiC88x4RBtP BzJJE=">AAAB6nicb VBNS8NAEJ3Ur1q/qh 69LBahXkoigh6LXjx WtB/QhjLZbtqlm03Y 3Qgl9Cd48aCIV3+RN/ +N2zYHbX0w8Hhvhpl 5QSK4Nq777RTW1jc2 t4rbpZ3dvf2D8uFRS 8epoqxJYxGrToCaCS5 Z03AjWCdRDKNAsHYw vp357SemNI/lo5kkz I9wKHnIKRorPVTxvF +uuDV3DrJKvJxUIEej X/7qDWKaRkwaKlDrr ucmxs9QGU4Fm5Z6qW YJ0jEOWddSiRHTfjY /dUrOrDIgYaxsSUPm 6u+JDCOtJ1FgOyM0I7 3szcT/vG5qwms/4zJ JDZN0sShMBTExmf1N BlwxasTEEqSK21sJH aFCamw6JRuCt/zyKml d1Dy35t1fVuo3eRxF OIFTqIIHV1CHO2hAE ygM4Rle4c0Rzovz7n wsWgtOPnMMf+B8/gC Iq41K</latexit>
(b)
<latexit sha1_base64="nvmt gWEx7qwPdQ+Ek+1IsF ecZyE=">AAAB6nicb VBNS8NAEJ3Ur1q/qh 69LBahXkoigh6LXjx WtB/QhrLZTtqlm03Y 3Qgl9Cd48aCIV3+RN/ +N2zYHbX0w8Hhvhpl 5QSK4Nq777RTW1jc2 t4rbpZ3dvf2D8uFRS 8epYthksYhVJ6AaBZf YNNwI7CQKaRQIbAfj 25nffkKleSwfzSRBP 6JDyUPOqLHSQzU475 crbs2dg6wSLycVyNHo l796g5ilEUrDBNW66 7mJ8TOqDGcCp6Veqj GhbEyH2LVU0gi1n81 PnZIzqwxIGCtb0pC5 +nsio5HWkyiwnRE1I7 3szcT/vG5qwms/4zJ JDUq2WBSmgpiYzP4m A66QGTGxhDLF7a2Ej aiizNh0SjYEb/nlVdK 6qHluzbu/rNRv8jiK cAKnUAUPrqAOd9CAJ jAYwjO8wpsjnBfn3f lYtBacfOYY/sD5/AG KMI1L</latexit><latexit sha1_base64="nvmt gWEx7qwPdQ+Ek+1IsF ecZyE=">AAAB6nicb VBNS8NAEJ3Ur1q/qh 69LBahXkoigh6LXjx WtB/QhrLZTtqlm03Y 3Qgl9Cd48aCIV3+RN/ +N2zYHbX0w8Hhvhpl 5QSK4Nq777RTW1jc2 t4rbpZ3dvf2D8uFRS 8epYthksYhVJ6AaBZf YNNwI7CQKaRQIbAfj 25nffkKleSwfzSRBP 6JDyUPOqLHSQzU475 crbs2dg6wSLycVyNHo l796g5ilEUrDBNW66 7mJ8TOqDGcCp6Veqj GhbEyH2LVU0gi1n81 PnZIzqwxIGCtb0pC5 +nsio5HWkyiwnRE1I7 3szcT/vG5qwms/4zJ JDUq2WBSmgpiYzP4m A66QGTGxhDLF7a2Ej aiizNh0SjYEb/nlVdK 6qHluzbu/rNRv8jiK cAKnUAUPrqAOd9CAJ jAYwjO8wpsjnBfn3f lYtBacfOYY/sD5/AG KMI1L</latexit><latexit sha1_base64="nvmt gWEx7qwPdQ+Ek+1IsF ecZyE=">AAAB6nicb VBNS8NAEJ3Ur1q/qh 69LBahXkoigh6LXjx WtB/QhrLZTtqlm03Y 3Qgl9Cd48aCIV3+RN/ +N2zYHbX0w8Hhvhpl 5QSK4Nq777RTW1jc2 t4rbpZ3dvf2D8uFRS 8epYthksYhVJ6AaBZf YNNwI7CQKaRQIbAfj 25nffkKleSwfzSRBP 6JDyUPOqLHSQzU475 crbs2dg6wSLycVyNHo l796g5ilEUrDBNW66 7mJ8TOqDGcCp6Veqj GhbEyH2LVU0gi1n81 PnZIzqwxIGCtb0pC5 +nsio5HWkyiwnRE1I7 3szcT/vG5qwms/4zJ JDUq2WBSmgpiYzP4m A66QGTGxhDLF7a2Ej aiizNh0SjYEb/nlVdK 6qHluzbu/rNRv8jiK cAKnUAUPrqAOd9CAJ jAYwjO8wpsjnBfn3f lYtBacfOYY/sD5/AG KMI1L</latexit><latexit sha1_base64="nvmt gWEx7qwPdQ+Ek+1IsF ecZyE=">AAAB6nicb VBNS8NAEJ3Ur1q/qh 69LBahXkoigh6LXjx WtB/QhrLZTtqlm03Y 3Qgl9Cd48aCIV3+RN/ +N2zYHbX0w8Hhvhpl 5QSK4Nq777RTW1jc2 t4rbpZ3dvf2D8uFRS 8epYthksYhVJ6AaBZf YNNwI7CQKaRQIbAfj 25nffkKleSwfzSRBP 6JDyUPOqLHSQzU475 crbs2dg6wSLycVyNHo l796g5ilEUrDBNW66 7mJ8TOqDGcCp6Veqj GhbEyH2LVU0gi1n81 PnZIzqwxIGCtb0pC5 +nsio5HWkyiwnRE1I7 3szcT/vG5qwms/4zJ JDUq2WBSmgpiYzP4m A66QGTGxhDLF7a2Ej aiizNh0SjYEb/nlVdK 6qHluzbu/rNRv8jiK cAKnUAUPrqAOd9CAJ jAYwjO8wpsjnBfn3f lYtBacfOYY/sD5/AG KMI1L</latexit>
USA1
<latexit sha1_base 64="OLmSO7B+we2VQSZSKnJ5lVgdxmA="> AAACFXicbVC9TsMwGPxS/kr5KzCyWFRITFW CkOhYxMJYBGkrtVHkuE5r1XYi20Gqor4EC wO8ChtiZeZNGHHbDLRwkqXT3ffZ54tSzrRx 3S+ntLa+sblV3q7s7O7tH1QPj9o6yRShPk l4oroR1pQzSX3DDKfdVFEsIk470fhm5nce qdIskQ9mktJA4KFkMSPYWKnrh/n9dehNw2r NrbtzoL/EK0gNCrTC6nd/kJBMUGkIx1r3P Dc1QY6VYYTTaaWfaZpiMsZD2rNUYkF1kM/z TtGZVQYoTpQ90qC5+nsjx0LriYjspMBmpF e9mfivF4mll3PJCI0VJit5TNwIcibTzFBJF nHijCOToFlFaMAUJYZPLMFEMfsjREbYXmN skRVblbdazF/Svqh7bt27u6w1G0VpZTiBUz gHD66gCbfQAh8IcHiCF3h1np035935WIyW nGLnGJbgfP4AMxifbA==</latexit><latexit sha1_base 64="OLmSO7B+we2VQSZSKnJ5lVgdxmA="> AAACFXicbVC9TsMwGPxS/kr5KzCyWFRITFW CkOhYxMJYBGkrtVHkuE5r1XYi20Gqor4EC wO8ChtiZeZNGHHbDLRwkqXT3ffZ54tSzrRx 3S+ntLa+sblV3q7s7O7tH1QPj9o6yRShPk l4oroR1pQzSX3DDKfdVFEsIk470fhm5nce qdIskQ9mktJA4KFkMSPYWKnrh/n9dehNw2r NrbtzoL/EK0gNCrTC6nd/kJBMUGkIx1r3P Dc1QY6VYYTTaaWfaZpiMsZD2rNUYkF1kM/z TtGZVQYoTpQ90qC5+nsjx0LriYjspMBmpF e9mfivF4mll3PJCI0VJit5TNwIcibTzFBJF nHijCOToFlFaMAUJYZPLMFEMfsjREbYXmN skRVblbdazF/Svqh7bt27u6w1G0VpZTiBUz gHD66gCbfQAh8IcHiCF3h1np035935WIyW nGLnGJbgfP4AMxifbA==</latexit><latexit sha1_base 64="OLmSO7B+we2VQSZSKnJ5lVgdxmA="> AAACFXicbVC9TsMwGPxS/kr5KzCyWFRITFW CkOhYxMJYBGkrtVHkuE5r1XYi20Gqor4EC wO8ChtiZeZNGHHbDLRwkqXT3ffZ54tSzrRx 3S+ntLa+sblV3q7s7O7tH1QPj9o6yRShPk l4oroR1pQzSX3DDKfdVFEsIk470fhm5nce qdIskQ9mktJA4KFkMSPYWKnrh/n9dehNw2r NrbtzoL/EK0gNCrTC6nd/kJBMUGkIx1r3P Dc1QY6VYYTTaaWfaZpiMsZD2rNUYkF1kM/z TtGZVQYoTpQ90qC5+nsjx0LriYjspMBmpF e9mfivF4mll3PJCI0VJit5TNwIcibTzFBJF nHijCOToFlFaMAUJYZPLMFEMfsjREbYXmN skRVblbdazF/Svqh7bt27u6w1G0VpZTiBUz gHD66gCbfQAh8IcHiCF3h1np035935WIyW nGLnGJbgfP4AMxifbA==</latexit><latexit sha1_base 64="OLmSO7B+we2VQSZSKnJ5lVgdxmA="> AAACFXicbVC9TsMwGPxS/kr5KzCyWFRITFW CkOhYxMJYBGkrtVHkuE5r1XYi20Gqor4EC wO8ChtiZeZNGHHbDLRwkqXT3ffZ54tSzrRx 3S+ntLa+sblV3q7s7O7tH1QPj9o6yRShPk l4oroR1pQzSX3DDKfdVFEsIk470fhm5nce qdIskQ9mktJA4KFkMSPYWKnrh/n9dehNw2r NrbtzoL/EK0gNCrTC6nd/kJBMUGkIx1r3P Dc1QY6VYYTTaaWfaZpiMsZD2rNUYkF1kM/z TtGZVQYoTpQ90qC5+nsjx0LriYjspMBmpF e9mfivF4mll3PJCI0VJit5TNwIcibTzFBJF nHijCOToFlFaMAUJYZPLMFEMfsjREbYXmN skRVblbdazF/Svqh7bt27u6w1G0VpZTiBUz gHD66gCbfQAh8IcHiCF3h1np035935WIyW nGLnGJbgfP4AMxifbA==</latexit>
USA2
<latexit sha1_base64="dpGyT3RNOlxuv hODyPQAl/QPJMw=">AAACFXicbVDNTgIxGPwW/xD/UI9eGomJJ7JLTOSI8eIRowsksCHd 0oWGtrtpuyZkw0t48aCv4s149eybeLTAHgScpMlk5vva6YQJZ9q47rdT2Njc2t4p7pb29 g8Oj8rHJy0dp4pQn8Q8Vp0Qa8qZpL5hhtNOoigWIaftcHw789tPVGkWy0czSWgg8FCyiB FsrNTx+9nDTb827ZcrbtWdA60TLycVyNHsl396g5ikgkpDONa667mJCTKsDCOcTku9VNM EkzEe0q6lEguqg2yed4ourDJAUazskQbN1b8bGRZaT0RoJwU2I73qzcR/vVAsvZxJRmi kMFnJY6J6kDGZpIZKsogTpRyZGM0qQgOmKDF8YgkmitkfITLC9hpjiyzZqrzVYtZJq1b1 3Kp3f1Vp1PPSinAG53AJHlxDA+6gCT4Q4PAMr/DmvDjvzofzuRgtOPnOKSzB+foFNMOfb Q==</latexit><latexit sha1_base64="dpGyT3RNOlxuv hODyPQAl/QPJMw=">AAACFXicbVDNTgIxGPwW/xD/UI9eGomJJ7JLTOSI8eIRowsksCHd 0oWGtrtpuyZkw0t48aCv4s149eybeLTAHgScpMlk5vva6YQJZ9q47rdT2Njc2t4p7pb29 g8Oj8rHJy0dp4pQn8Q8Vp0Qa8qZpL5hhtNOoigWIaftcHw789tPVGkWy0czSWgg8FCyiB FsrNTx+9nDTb827ZcrbtWdA60TLycVyNHsl396g5ikgkpDONa667mJCTKsDCOcTku9VNM EkzEe0q6lEguqg2yed4ourDJAUazskQbN1b8bGRZaT0RoJwU2I73qzcR/vVAsvZxJRmi kMFnJY6J6kDGZpIZKsogTpRyZGM0qQgOmKDF8YgkmitkfITLC9hpjiyzZqrzVYtZJq1b1 3Kp3f1Vp1PPSinAG53AJHlxDA+6gCT4Q4PAMr/DmvDjvzofzuRgtOPnOKSzB+foFNMOfb Q==</latexit><latexit sha1_base64="dpGyT3RNOlxuv hODyPQAl/QPJMw=">AAACFXicbVDNTgIxGPwW/xD/UI9eGomJJ7JLTOSI8eIRowsksCHd 0oWGtrtpuyZkw0t48aCv4s149eybeLTAHgScpMlk5vva6YQJZ9q47rdT2Njc2t4p7pb29 g8Oj8rHJy0dp4pQn8Q8Vp0Qa8qZpL5hhtNOoigWIaftcHw789tPVGkWy0czSWgg8FCyiB FsrNTx+9nDTb827ZcrbtWdA60TLycVyNHsl396g5ikgkpDONa667mJCTKsDCOcTku9VNM EkzEe0q6lEguqg2yed4ourDJAUazskQbN1b8bGRZaT0RoJwU2I73qzcR/vVAsvZxJRmi kMFnJY6J6kDGZpIZKsogTpRyZGM0qQgOmKDF8YgkmitkfITLC9hpjiyzZqrzVYtZJq1b1 3Kp3f1Vp1PPSinAG53AJHlxDA+6gCT4Q4PAMr/DmvDjvzofzuRgtOPnOKSzB+foFNMOfb Q==</latexit><latexit sha1_base64="dpGyT3RNOlxuv hODyPQAl/QPJMw=">AAACFXicbVDNTgIxGPwW/xD/UI9eGomJJ7JLTOSI8eIRowsksCHd 0oWGtrtpuyZkw0t48aCv4s149eybeLTAHgScpMlk5vva6YQJZ9q47rdT2Njc2t4p7pb29 g8Oj8rHJy0dp4pQn8Q8Vp0Qa8qZpL5hhtNOoigWIaftcHw789tPVGkWy0czSWgg8FCyiB FsrNTx+9nDTb827ZcrbtWdA60TLycVyNHsl396g5ikgkpDONa667mJCTKsDCOcTku9VNM EkzEe0q6lEguqg2yed4ourDJAUazskQbN1b8bGRZaT0RoJwU2I73qzcR/vVAsvZxJRmi kMFnJY6J6kDGZpIZKsogTpRyZGM0qQgOmKDF8YgkmitkfITLC9hpjiyzZqrzVYtZJq1b1 3Kp3f1Vp1PPSinAG53AJHlxDA+6gCT4Q4PAMr/DmvDjvzofzuRgtOPnOKSzB+foFNMOfb Q==</latexit>
USA3
<latexit sha1_base64="rbtxBTP0Eq9HT YYZAx/aEFA3o7k=">AAACFXicbVDNTgIxGOziH+If6tFLIzHxRHbVRI4YLx4xukACG9It 30JD2920XROy4SW8eNBX8Wa8evZNPFpgDwJO0mQy833tdMKEM21c99sprK1vbG4Vt0s7u 3v7B+XDo6aOU0XBpzGPVTskGjiT4BtmOLQTBUSEHFrh6Hbqt55AaRbLRzNOIBBkIFnEKD FWavu97OGmdznplStu1Z0BrxIvJxWUo9Er/3T7MU0FSEM50brjuYkJMqIMoxwmpW6qISF 0RAbQsVQSATrIZnkn+MwqfRzFyh5p8Ez9u5ERofVYhHZSEDPUy95U/NcLxcLLmWQUIkX oUh4T1YKMySQ1IOk8TpRybGI8rQj3mQJq+NgSQhWzP8J0SOw1xhZZslV5y8WskuZF1XOr 3v1VpV7LSyuiE3SKzpGHrlEd3aEG8hFFHD2jV/TmvDjvzofzOR8tOPnOMVqA8/ULNm6fb g==</latexit><latexit sha1_base64="rbtxBTP0Eq9HT YYZAx/aEFA3o7k=">AAACFXicbVDNTgIxGOziH+If6tFLIzHxRHbVRI4YLx4xukACG9It 30JD2920XROy4SW8eNBX8Wa8evZNPFpgDwJO0mQy833tdMKEM21c99sprK1vbG4Vt0s7u 3v7B+XDo6aOU0XBpzGPVTskGjiT4BtmOLQTBUSEHFrh6Hbqt55AaRbLRzNOIBBkIFnEKD FWavu97OGmdznplStu1Z0BrxIvJxWUo9Er/3T7MU0FSEM50brjuYkJMqIMoxwmpW6qISF 0RAbQsVQSATrIZnkn+MwqfRzFyh5p8Ez9u5ERofVYhHZSEDPUy95U/NcLxcLLmWQUIkX oUh4T1YKMySQ1IOk8TpRybGI8rQj3mQJq+NgSQhWzP8J0SOw1xhZZslV5y8WskuZF1XOr 3v1VpV7LSyuiE3SKzpGHrlEd3aEG8hFFHD2jV/TmvDjvzofzOR8tOPnOMVqA8/ULNm6fb g==</latexit><latexit sha1_base64="rbtxBTP0Eq9HT YYZAx/aEFA3o7k=">AAACFXicbVDNTgIxGOziH+If6tFLIzHxRHbVRI4YLx4xukACG9It 30JD2920XROy4SW8eNBX8Wa8evZNPFpgDwJO0mQy833tdMKEM21c99sprK1vbG4Vt0s7u 3v7B+XDo6aOU0XBpzGPVTskGjiT4BtmOLQTBUSEHFrh6Hbqt55AaRbLRzNOIBBkIFnEKD FWavu97OGmdznplStu1Z0BrxIvJxWUo9Er/3T7MU0FSEM50brjuYkJMqIMoxwmpW6qISF 0RAbQsVQSATrIZnkn+MwqfRzFyh5p8Ez9u5ERofVYhHZSEDPUy95U/NcLxcLLmWQUIkX oUh4T1YKMySQ1IOk8TpRybGI8rQj3mQJq+NgSQhWzP8J0SOw1xhZZslV5y8WskuZF1XOr 3v1VpV7LSyuiE3SKzpGHrlEd3aEG8hFFHD2jV/TmvDjvzofzOR8tOPnOMVqA8/ULNm6fb g==</latexit><latexit sha1_base64="rbtxBTP0Eq9HT YYZAx/aEFA3o7k=">AAACFXicbVDNTgIxGOziH+If6tFLIzHxRHbVRI4YLx4xukACG9It 30JD2920XROy4SW8eNBX8Wa8evZNPFpgDwJO0mQy833tdMKEM21c99sprK1vbG4Vt0s7u 3v7B+XDo6aOU0XBpzGPVTskGjiT4BtmOLQTBUSEHFrh6Hbqt55AaRbLRzNOIBBkIFnEKD FWavu97OGmdznplStu1Z0BrxIvJxWUo9Er/3T7MU0FSEM50brjuYkJMqIMoxwmpW6qISF 0RAbQsVQSATrIZnkn+MwqfRzFyh5p8Ez9u5ERofVYhHZSEDPUy95U/NcLxcLLmWQUIkX oUh4T1YKMySQ1IOk8TpRybGI8rQj3mQJq+NgSQhWzP8J0SOw1xhZZslV5y8WskuZF1XOr 3v1VpV7LSyuiE3SKzpGHrlEd3aEG8hFFHD2jV/TmvDjvzofzOR8tOPnOMVqA8/ULNm6fb g==</latexit>
USA4
<latexit sha1_base64="K70BZq6rQFt9/ 8iAsMjLaSAU2KY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF48VTVtoQ9hs N+3S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5UcqZNq777ZTW1jc2t8rblZ3dv f2D6uFRWyeZItQnCU9UN8Kaciapb5jhtJsqikXEaSca38z8zhNVmiXywUxSGgg8lCxmBB srdf0wv78OL6dhtebW3TnQKvEKUoMCrbD61R8kJBNUGsKx1j3PTU2QY2UY4XRa6Weappi M8ZD2LJVYUB3k83un6MwqAxQnypY0aK7+nsix0HoiItspsBnpZW8m/uf1MhM3gpzJNDN UksWiOOPIJGj2PBowRYnhE0swUczeisgIK0yMjahiQ/CWX14l7Yu659a9u8tas1HEUYYT OIVz8OAKmnALLfCBAIdneIU359F5cd6dj0VrySlmjuEPnM8fgcmPkw==</latexit><latexit sha1_base64="K70BZq6rQFt9/ 8iAsMjLaSAU2KY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF48VTVtoQ9hs N+3S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5UcqZNq777ZTW1jc2t8rblZ3dv f2D6uFRWyeZItQnCU9UN8Kaciapb5jhtJsqikXEaSca38z8zhNVmiXywUxSGgg8lCxmBB srdf0wv78OL6dhtebW3TnQKvEKUoMCrbD61R8kJBNUGsKx1j3PTU2QY2UY4XRa6Weappi M8ZD2LJVYUB3k83un6MwqAxQnypY0aK7+nsix0HoiItspsBnpZW8m/uf1MhM3gpzJNDN UksWiOOPIJGj2PBowRYnhE0swUczeisgIK0yMjahiQ/CWX14l7Yu659a9u8tas1HEUYYT OIVz8OAKmnALLfCBAIdneIU359F5cd6dj0VrySlmjuEPnM8fgcmPkw==</latexit><latexit sha1_base64="K70BZq6rQFt9/ 8iAsMjLaSAU2KY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF48VTVtoQ9hs N+3S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5UcqZNq777ZTW1jc2t8rblZ3dv f2D6uFRWyeZItQnCU9UN8Kaciapb5jhtJsqikXEaSca38z8zhNVmiXywUxSGgg8lCxmBB srdf0wv78OL6dhtebW3TnQKvEKUoMCrbD61R8kJBNUGsKx1j3PTU2QY2UY4XRa6Weappi M8ZD2LJVYUB3k83un6MwqAxQnypY0aK7+nsix0HoiItspsBnpZW8m/uf1MhM3gpzJNDN UksWiOOPIJGj2PBowRYnhE0swUczeisgIK0yMjahiQ/CWX14l7Yu659a9u8tas1HEUYYT OIVz8OAKmnALLfCBAIdneIU359F5cd6dj0VrySlmjuEPnM8fgcmPkw==</latexit><latexit sha1_base64="K70BZq6rQFt9/ 8iAsMjLaSAU2KY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeKF48VTVtoQ9hs N+3S3U3c3Qgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5UcqZNq777ZTW1jc2t8rblZ3dv f2D6uFRWyeZItQnCU9UN8Kaciapb5jhtJsqikXEaSca38z8zhNVmiXywUxSGgg8lCxmBB srdf0wv78OL6dhtebW3TnQKvEKUoMCrbD61R8kJBNUGsKx1j3PTU2QY2UY4XRa6Weappi M8ZD2LJVYUB3k83un6MwqAxQnypY0aK7+nsix0HoiItspsBnpZW8m/uf1MhM3gpzJNDN UksWiOOPIJGj2PBowRYnhE0swUczeisgIK0yMjahiQ/CWX14l7Yu659a9u8tas1HEUYYT OIVz8OAKmnALLfCBAIdneIU359F5cd6dj0VrySlmjuEPnM8fgcmPkw==</latexit>
S
<latexit sha1_base64="23PLDQdNQYHD4 RbX2JrNrctosnA=">AAACB3icbVDLSsNAFL3xWesr6lKQYBFcSEhE0O6KblxWtA9IQ5lM J+3QySTMTIQSunPjr7hxoYhbf8Gdf+M0DaKtB2Y4nHPvnTsnSBiVynG+jIXFpeWV1dJae X1jc2vb3NltyjgVmDRwzGLRDpAkjHLSUFQx0k4EQVHASCsYXk381j0Rksb8To0S4keoz2 lIMVJa6poHnXyGJ/qBnzl2tXryc42z23HXrDi2k8OaJ25BKlCg3jU/O70YpxHhCjMkpec 6ifIzJBTFjIzLnVSSBOEh6hNPU44iIv0s32FsHWmlZ4Wx0IcrK1d/d2QoknIUBboyQmo gZ72J+J/npSq88DPKk1QRjqcPhSmzVGxNQrF6VBCs2EgThAXVu1p4gATCSkdX1iG4s1+e J81T23Vs9+asUrss4ijBPhzCMbhwDjW4hjo0AMMDPMELvBqPxrPxZrxPSxeMomcP/sD4+ AbKMJdQ</latexit><latexit sha1_base64="23PLDQdNQYHD4 RbX2JrNrctosnA=">AAACB3icbVDLSsNAFL3xWesr6lKQYBFcSEhE0O6KblxWtA9IQ5lM J+3QySTMTIQSunPjr7hxoYhbf8Gdf+M0DaKtB2Y4nHPvnTsnSBiVynG+jIXFpeWV1dJae X1jc2vb3NltyjgVmDRwzGLRDpAkjHLSUFQx0k4EQVHASCsYXk381j0Rksb8To0S4keoz2 lIMVJa6poHnXyGJ/qBnzl2tXryc42z23HXrDi2k8OaJ25BKlCg3jU/O70YpxHhCjMkpec 6ifIzJBTFjIzLnVSSBOEh6hNPU44iIv0s32FsHWmlZ4Wx0IcrK1d/d2QoknIUBboyQmo gZ72J+J/npSq88DPKk1QRjqcPhSmzVGxNQrF6VBCs2EgThAXVu1p4gATCSkdX1iG4s1+e J81T23Vs9+asUrss4ijBPhzCMbhwDjW4hjo0AMMDPMELvBqPxrPxZrxPSxeMomcP/sD4+ AbKMJdQ</latexit><latexit sha1_base64="23PLDQdNQYHD4 RbX2JrNrctosnA=">AAACB3icbVDLSsNAFL3xWesr6lKQYBFcSEhE0O6KblxWtA9IQ5lM J+3QySTMTIQSunPjr7hxoYhbf8Gdf+M0DaKtB2Y4nHPvnTsnSBiVynG+jIXFpeWV1dJae X1jc2vb3NltyjgVmDRwzGLRDpAkjHLSUFQx0k4EQVHASCsYXk381j0Rksb8To0S4keoz2 lIMVJa6poHnXyGJ/qBnzl2tXryc42z23HXrDi2k8OaJ25BKlCg3jU/O70YpxHhCjMkpec 6ifIzJBTFjIzLnVSSBOEh6hNPU44iIv0s32FsHWmlZ4Wx0IcrK1d/d2QoknIUBboyQmo gZ72J+J/npSq88DPKk1QRjqcPhSmzVGxNQrF6VBCs2EgThAXVu1p4gATCSkdX1iG4s1+e J81T23Vs9+asUrss4ijBPhzCMbhwDjW4hjo0AMMDPMELvBqPxrPxZrxPSxeMomcP/sD4+ AbKMJdQ</latexit><latexit sha1_base64="23PLDQdNQYHD4 RbX2JrNrctosnA=">AAACB3icbVDLSsNAFL3xWesr6lKQYBFcSEhE0O6KblxWtA9IQ5lM J+3QySTMTIQSunPjr7hxoYhbf8Gdf+M0DaKtB2Y4nHPvnTsnSBiVynG+jIXFpeWV1dJae X1jc2vb3NltyjgVmDRwzGLRDpAkjHLSUFQx0k4EQVHASCsYXk381j0Rksb8To0S4keoz2 lIMVJa6poHnXyGJ/qBnzl2tXryc42z23HXrDi2k8OaJ25BKlCg3jU/O70YpxHhCjMkpec 6ifIzJBTFjIzLnVSSBOEh6hNPU44iIv0s32FsHWmlZ4Wx0IcrK1d/d2QoknIUBboyQmo gZ72J+J/npSq88DPKk1QRjqcPhSmzVGxNQrF6VBCs2EgThAXVu1p4gATCSkdX1iG4s1+e J81T23Vs9+asUrss4ijBPhzCMbhwDjW4hjo0AMMDPMELvBqPxrPxZrxPSxeMomcP/sD4+ AbKMJdQ</latexit>
An+2
<latexit sha1_base 64="HryBpxazdQOeSus4GgcvF9By/p4="> AAACDXicbVBNS8MwGE7n15xfVY9eglMQlNE Owe028eJxgnODrpQ0S7ewNC1JKozSP+DFv +LFgyJevXvz35h1RXTzgYSH53nfN28eP2ZU Ksv6MkpLyyura+X1ysbm1vaOubt3J6NEYN LBEYtEz0eSMMpJR1HFSC8WBIU+I11/fDX1 u/dESBrxWzWJiRuiIacBxUhpyTOP+vkMRwx 9N7VqzebZz5Wll17KT+tZ5plVq2blgIvEL kgVFGh75md/EOEkJFxhhqR0bCtWboqEopiR rNJPJIkRHqMhcTTlKCTSTfNNMnislQEMIq EPVzBXf3ekKJRyEvq6MkRqJOe9qfif5yQqa Lgp5XGiCMezh4KEQRXBaTRwQAXBik00QVh QvSvEIyQQVjrAig7Bnv/yIrmr12yrZt+cV1 uNIo4yOACH4ATY4AK0wDVogw7A4AE8gRfw ajwaz8ab8T4rLRlFzz74A+PjGwRqmZI=</l atexit><latexit sha1_base 64="HryBpxazdQOeSus4GgcvF9By/p4="> AAACDXicbVBNS8MwGE7n15xfVY9eglMQlNE Owe028eJxgnODrpQ0S7ewNC1JKozSP+DFv +LFgyJevXvz35h1RXTzgYSH53nfN28eP2ZU Ksv6MkpLyyura+X1ysbm1vaOubt3J6NEYN LBEYtEz0eSMMpJR1HFSC8WBIU+I11/fDX1 u/dESBrxWzWJiRuiIacBxUhpyTOP+vkMRwx 9N7VqzebZz5Wll17KT+tZ5plVq2blgIvEL kgVFGh75md/EOEkJFxhhqR0bCtWboqEopiR rNJPJIkRHqMhcTTlKCTSTfNNMnislQEMIq EPVzBXf3ekKJRyEvq6MkRqJOe9qfif5yQqa Lgp5XGiCMezh4KEQRXBaTRwQAXBik00QVh QvSvEIyQQVjrAig7Bnv/yIrmr12yrZt+cV1 uNIo4yOACH4ATY4AK0wDVogw7A4AE8gRfw ajwaz8ab8T4rLRlFzz74A+PjGwRqmZI=</l atexit><latexit sha1_base 64="HryBpxazdQOeSus4GgcvF9By/p4="> AAACDXicbVBNS8MwGE7n15xfVY9eglMQlNE Owe028eJxgnODrpQ0S7ewNC1JKozSP+DFv +LFgyJevXvz35h1RXTzgYSH53nfN28eP2ZU Ksv6MkpLyyura+X1ysbm1vaOubt3J6NEYN LBEYtEz0eSMMpJR1HFSC8WBIU+I11/fDX1 u/dESBrxWzWJiRuiIacBxUhpyTOP+vkMRwx 9N7VqzebZz5Wll17KT+tZ5plVq2blgIvEL kgVFGh75md/EOEkJFxhhqR0bCtWboqEopiR rNJPJIkRHqMhcTTlKCTSTfNNMnislQEMIq EPVzBXf3ekKJRyEvq6MkRqJOe9qfif5yQqa Lgp5XGiCMezh4KEQRXBaTRwQAXBik00QVh QvSvEIyQQVjrAig7Bnv/yIrmr12yrZt+cV1 uNIo4yOACH4ATY4AK0wDVogw7A4AE8gRfw ajwaz8ab8T4rLRlFzz74A+PjGwRqmZI=</l atexit><latexit sha1_base 64="HryBpxazdQOeSus4GgcvF9By/p4="> AAACDXicbVBNS8MwGE7n15xfVY9eglMQlNE Owe028eJxgnODrpQ0S7ewNC1JKozSP+DFv +LFgyJevXvz35h1RXTzgYSH53nfN28eP2ZU Ksv6MkpLyyura+X1ysbm1vaOubt3J6NEYN LBEYtEz0eSMMpJR1HFSC8WBIU+I11/fDX1 u/dESBrxWzWJiRuiIacBxUhpyTOP+vkMRwx 9N7VqzebZz5Wll17KT+tZ5plVq2blgIvEL kgVFGh75md/EOEkJFxhhqR0bCtWboqEopiR rNJPJIkRHqMhcTTlKCTSTfNNMnislQEMIq EPVzBXf3ekKJRyEvq6MkRqJOe9qfif5yQqa Lgp5XGiCMezh4KEQRXBaTRwQAXBik00QVh QvSvEIyQQVjrAig7Bnv/yIrmr12yrZt+cV1 uNIo4yOACH4ATY4AK0wDVogw7A4AE8gRfw ajwaz8ab8T4rLRlFzz74A+PjGwRqmZI=</l atexit>
An+1
<latexit sha1_base64="Yo6bDR05zYd6r +IGQ1LykBb2FC4=">AAACDXicbVBNS8MwGE7n15xfVY9eglMQlNGK4HabePE4wX1AV0qa pVtYmpYkFUbpH/DiX/HiQRGv3r35b8y6Irr5QMLD87zvmzePHzMqlWV9GaWl5ZXVtfJ6Z WNza3vH3N3ryCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNcfX0/97j0Rkkb8Tk1i4oZoyG lAMVJa8syjfj7DEUPfTa1ao3H2c2XplZfyUzvLPLNq1awccJHYBamCAi3P/OwPIpyEhCv MkJSObcXKTZFQFDOSVfqJJDHCYzQkjqYchUS6ab5JBo+1MoBBJPThCubq744UhVJOQl9 XhkiN5Lw3Ff/znEQFdTelPE4U4Xj2UJAwqCI4jQYOqCBYsYkmCAuqd4V4hATCSgdY0SHY 819eJJ3zmm3V7NuLarNexFEGB+AQnAAbXIImuAEt0AYYPIAn8AJejUfj2Xgz3melJaPo2 Qd/YHx8AwLkmZE=</latexit><latexit sha1_base64="Yo6bDR05zYd6r +IGQ1LykBb2FC4=">AAACDXicbVBNS8MwGE7n15xfVY9eglMQlNGK4HabePE4wX1AV0qa pVtYmpYkFUbpH/DiX/HiQRGv3r35b8y6Irr5QMLD87zvmzePHzMqlWV9GaWl5ZXVtfJ6Z WNza3vH3N3ryCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNcfX0/97j0Rkkb8Tk1i4oZoyG lAMVJa8syjfj7DEUPfTa1ao3H2c2XplZfyUzvLPLNq1awccJHYBamCAi3P/OwPIpyEhCv MkJSObcXKTZFQFDOSVfqJJDHCYzQkjqYchUS6ab5JBo+1MoBBJPThCubq744UhVJOQl9 XhkiN5Lw3Ff/znEQFdTelPE4U4Xj2UJAwqCI4jQYOqCBYsYkmCAuqd4V4hATCSgdY0SHY 819eJJ3zmm3V7NuLarNexFEGB+AQnAAbXIImuAEt0AYYPIAn8AJejUfj2Xgz3melJaPo2 Qd/YHx8AwLkmZE=</latexit><latexit sha1_base64="Yo6bDR05zYd6r +IGQ1LykBb2FC4=">AAACDXicbVBNS8MwGE7n15xfVY9eglMQlNGK4HabePE4wX1AV0qa pVtYmpYkFUbpH/DiX/HiQRGv3r35b8y6Irr5QMLD87zvmzePHzMqlWV9GaWl5ZXVtfJ6Z WNza3vH3N3ryCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNcfX0/97j0Rkkb8Tk1i4oZoyG lAMVJa8syjfj7DEUPfTa1ao3H2c2XplZfyUzvLPLNq1awccJHYBamCAi3P/OwPIpyEhCv MkJSObcXKTZFQFDOSVfqJJDHCYzQkjqYchUS6ab5JBo+1MoBBJPThCubq744UhVJOQl9 XhkiN5Lw3Ff/znEQFdTelPE4U4Xj2UJAwqCI4jQYOqCBYsYkmCAuqd4V4hATCSgdY0SHY 819eJJ3zmm3V7NuLarNexFEGB+AQnAAbXIImuAEt0AYYPIAn8AJejUfj2Xgz3melJaPo2 Qd/YHx8AwLkmZE=</latexit><latexit sha1_base64="Yo6bDR05zYd6r +IGQ1LykBb2FC4=">AAACDXicbVBNS8MwGE7n15xfVY9eglMQlNGK4HabePE4wX1AV0qa pVtYmpYkFUbpH/DiX/HiQRGv3r35b8y6Irr5QMLD87zvmzePHzMqlWV9GaWl5ZXVtfJ6Z WNza3vH3N3ryCgRmLRxxCLR85EkjHLSVlQx0osFQaHPSNcfX0/97j0Rkkb8Tk1i4oZoyG lAMVJa8syjfj7DEUPfTa1ao3H2c2XplZfyUzvLPLNq1awccJHYBamCAi3P/OwPIpyEhCv MkJSObcXKTZFQFDOSVfqJJDHCYzQkjqYchUS6ab5JBo+1MoBBJPThCubq744UhVJOQl9 XhkiN5Lw3Ff/znEQFdTelPE4U4Xj2UJAwqCI4jQYOqCBYsYkmCAuqd4V4hATCSgdY0SHY 819eJJ3zmm3V7NuLarNexFEGB+AQnAAbXIImuAEt0AYYPIAn8AJejUfj2Xgz3melJaPo2 Qd/YHx8AwLkmZE=</latexit>
An
<latexit sha1_base64="Q8nrWrGKKSbs9 c3QO/udPDvgj0Q=">AAACC3icbVBNS8MwGE79nPOr6tFL2BA8SGlFcLtNvHic4D6gKyXN 0i0sTUuSCqP07sW/4sWDIl79A978N2ZdEd18IOHhed73zZsnSBiVyra/jJXVtfWNzcpWd Xtnd2/fPDjsyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC+YXM/83j0Rksb8Tk0T4kVoxG lIMVJa8s3aoJjhilHgZbbVbJ79XHl25Wc8z32zblt2AbhMnJLUQYm2b34OhjFOI8IVZkh K17ET5WVIKIoZyauDVJIE4QkaEVdTjiIivazYI4cnWhnCMBb6cAUL9XdHhiIpp1GgKyO kxnLRm4n/eW6qwoaXUZ6kinA8fyhMGVQxnAUDh1QQrNhUE4QF1btCPEYCYaXjq+oQnMUv L5PuueXYlnN7UW81yjgq4BjUwClwwCVogRvQBh2AwQN4Ai/g1Xg0no03431eumKUPUfgD 4yPbxeSmSE=</latexit><latexit sha1_base64="Q8nrWrGKKSbs9 c3QO/udPDvgj0Q=">AAACC3icbVBNS8MwGE79nPOr6tFL2BA8SGlFcLtNvHic4D6gKyXN 0i0sTUuSCqP07sW/4sWDIl79A978N2ZdEd18IOHhed73zZsnSBiVyra/jJXVtfWNzcpWd Xtnd2/fPDjsyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC+YXM/83j0Rksb8Tk0T4kVoxG lIMVJa8s3aoJjhilHgZbbVbJ79XHl25Wc8z32zblt2AbhMnJLUQYm2b34OhjFOI8IVZkh K17ET5WVIKIoZyauDVJIE4QkaEVdTjiIivazYI4cnWhnCMBb6cAUL9XdHhiIpp1GgKyO kxnLRm4n/eW6qwoaXUZ6kinA8fyhMGVQxnAUDh1QQrNhUE4QF1btCPEYCYaXjq+oQnMUv L5PuueXYlnN7UW81yjgq4BjUwClwwCVogRvQBh2AwQN4Ai/g1Xg0no03431eumKUPUfgD 4yPbxeSmSE=</latexit><latexit sha1_base64="Q8nrWrGKKSbs9 c3QO/udPDvgj0Q=">AAACC3icbVBNS8MwGE79nPOr6tFL2BA8SGlFcLtNvHic4D6gKyXN 0i0sTUuSCqP07sW/4sWDIl79A978N2ZdEd18IOHhed73zZsnSBiVyra/jJXVtfWNzcpWd Xtnd2/fPDjsyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC+YXM/83j0Rksb8Tk0T4kVoxG lIMVJa8s3aoJjhilHgZbbVbJ79XHl25Wc8z32zblt2AbhMnJLUQYm2b34OhjFOI8IVZkh K17ET5WVIKIoZyauDVJIE4QkaEVdTjiIivazYI4cnWhnCMBb6cAUL9XdHhiIpp1GgKyO kxnLRm4n/eW6qwoaXUZ6kinA8fyhMGVQxnAUDh1QQrNhUE4QF1btCPEYCYaXjq+oQnMUv L5PuueXYlnN7UW81yjgq4BjUwClwwCVogRvQBh2AwQN4Ai/g1Xg0no03431eumKUPUfgD 4yPbxeSmSE=</latexit><latexit sha1_base64="Q8nrWrGKKSbs9 c3QO/udPDvgj0Q=">AAACC3icbVBNS8MwGE79nPOr6tFL2BA8SGlFcLtNvHic4D6gKyXN 0i0sTUuSCqP07sW/4sWDIl79A978N2ZdEd18IOHhed73zZsnSBiVyra/jJXVtfWNzcpWd Xtnd2/fPDjsyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC+YXM/83j0Rksb8Tk0T4kVoxG lIMVJa8s3aoJjhilHgZbbVbJ79XHl25Wc8z32zblt2AbhMnJLUQYm2b34OhjFOI8IVZkh K17ET5WVIKIoZyauDVJIE4QkaEVdTjiIivazYI4cnWhnCMBb6cAUL9XdHhiIpp1GgKyO kxnLRm4n/eW6qwoaXUZ6kinA8fyhMGVQxnAUDh1QQrNhUE4QF1btCPEYCYaXjq+oQnMUv L5PuueXYlnN7UW81yjgq4BjUwClwwCVogRvQBh2AwQN4Ai/g1Xg0no03431eumKUPUfgD 4yPbxeSmSE=</latexit>
An 1
<latexit sha1_base64="IiDwf84mtKd8A v4GZhsFPxFbtjw=">AAACDXicbVBNS8MwGE7n15xfVY9eglPwoKMVwe028eJxgvuArpQ0 S7ewNC1JKozSP+DFv+LFgyJevXvz35h1RXTzgYSH53nfN28eP2ZUKsv6MkpLyyura+X1y sbm1vaOubvXkVEiMGnjiEWi5yNJGOWkrahipBcLgkKfka4/vp763XsiJI34nZrExA3RkN OAYqS05JlH/XyGI4a+m1q1RuP058rSKy/lZ3aWeWbVqlk54CKxC1IFBVqe+dkfRDgJCVe YISkd24qVmyKhKGYkq/QTSWKEx2hIHE05Col003yTDB5rZQCDSOjDFczV3x0pCqWchL6 uDJEayXlvKv7nOYkK6m5KeZwowvHsoSBhUEVwGg0cUEGwYhNNEBZU7wrxCAmElQ6wokOw 57+8SDrnNduq2bcX1Wa9iKMMDsAhOAE2uARNcANaoA0weABP4AW8Go/Gs/FmvM9KS0bRs w/+wPj4BgXymZM=</latexit><latexit sha1_base64="IiDwf84mtKd8A v4GZhsFPxFbtjw=">AAACDXicbVBNS8MwGE7n15xfVY9eglPwoKMVwe028eJxgvuArpQ0 S7ewNC1JKozSP+DFv+LFgyJevXvz35h1RXTzgYSH53nfN28eP2ZUKsv6MkpLyyura+X1y sbm1vaOubvXkVEiMGnjiEWi5yNJGOWkrahipBcLgkKfka4/vp763XsiJI34nZrExA3RkN OAYqS05JlH/XyGI4a+m1q1RuP058rSKy/lZ3aWeWbVqlk54CKxC1IFBVqe+dkfRDgJCVe YISkd24qVmyKhKGYkq/QTSWKEx2hIHE05Col003yTDB5rZQCDSOjDFczV3x0pCqWchL6 uDJEayXlvKv7nOYkK6m5KeZwowvHsoSBhUEVwGg0cUEGwYhNNEBZU7wrxCAmElQ6wokOw 57+8SDrnNduq2bcX1Wa9iKMMDsAhOAE2uARNcANaoA0weABP4AW8Go/Gs/FmvM9KS0bRs w/+wPj4BgXymZM=</latexit><latexit sha1_base64="IiDwf84mtKd8A v4GZhsFPxFbtjw=">AAACDXicbVBNS8MwGE7n15xfVY9eglPwoKMVwe028eJxgvuArpQ0 S7ewNC1JKozSP+DFv+LFgyJevXvz35h1RXTzgYSH53nfN28eP2ZUKsv6MkpLyyura+X1y sbm1vaOubvXkVEiMGnjiEWi5yNJGOWkrahipBcLgkKfka4/vp763XsiJI34nZrExA3RkN OAYqS05JlH/XyGI4a+m1q1RuP058rSKy/lZ3aWeWbVqlk54CKxC1IFBVqe+dkfRDgJCVe YISkd24qVmyKhKGYkq/QTSWKEx2hIHE05Col003yTDB5rZQCDSOjDFczV3x0pCqWchL6 uDJEayXlvKv7nOYkK6m5KeZwowvHsoSBhUEVwGg0cUEGwYhNNEBZU7wrxCAmElQ6wokOw 57+8SDrnNduq2bcX1Wa9iKMMDsAhOAE2uARNcANaoA0weABP4AW8Go/Gs/FmvM9KS0bRs w/+wPj4BgXymZM=</latexit><latexit sha1_base64="IiDwf84mtKd8A v4GZhsFPxFbtjw=">AAACDXicbVBNS8MwGE7n15xfVY9eglPwoKMVwe028eJxgvuArpQ0 S7ewNC1JKozSP+DFv+LFgyJevXvz35h1RXTzgYSH53nfN28eP2ZUKsv6MkpLyyura+X1y sbm1vaOubvXkVEiMGnjiEWi5yNJGOWkrahipBcLgkKfka4/vp763XsiJI34nZrExA3RkN OAYqS05JlH/XyGI4a+m1q1RuP058rSKy/lZ3aWeWbVqlk54CKxC1IFBVqe+dkfRDgJCVe YISkd24qVmyKhKGYkq/QTSWKEx2hIHE05Col003yTDB5rZQCDSOjDFczV3x0pCqWchL6 uDJEayXlvKv7nOYkK6m5KeZwowvHsoSBhUEVwGg0cUEGwYhNNEBZU7wrxCAmElQ6wokOw 57+8SDrnNduq2bcX1Wa9iKMMDsAhOAE2uARNcANaoA0weABP4AW8Go/Gs/FmvM9KS0bRs w/+wPj4BgXymZM=</latexit>
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FIG. 1. (a) Schematic diagram of collisional thermometry. A stream
of ancillas sequentially interacts with a system S which is coupled to
a heat environment E at temperature T . (b) Exemplary circuit rep-
resentation. The system and the ancillas evolve stroboscopically in
a sequence of S E thermalization and pairwise S Ai interaction steps.
The system is assumed to have converged to the fixed point ρ∗S of the
stroboscopic map. Quantum advantages can be obtained by perform-
ing collective measurements on blocks of ancillas (illustrated here for
blocks of length 2).
action is given by
ρS A1...An = ES ◦ US An ◦ . . . ◦ ES ◦ US A1
(
ρS ⊗ ρ⊗nA
)
, (1)
where ◦ stands for map composition and ρA is the initial state
of the ancillas. The reduced state ρS of the system therefore
evolves stroboscopically according to the quantum channel
ρS (n) = trAn
{ES ◦US AnρS (n − 1) ⊗ ρA} =: Φ[ρS (n − 1)]. (2)
The state ρS (n) summarizes the information content about E
that the ancilla An+1 will have access to.
After sufficient S A interactions, the system will no longer
depend on its initial state and will eventually reach a fixed
point ρ∗S = Φ(ρ
∗
S ). This steady state contains information
about T that can be extracted by measuring subsequent an-
cillas. In general, ρ∗S will deviate from ρ
th
S , which reflects
the unavoidable measurement disturbance [29]. In what fol-
lows, we will assume that the system has already reached ρ∗S ,
which eliminates transient effects and establishes translational
invariance for subsequent states ρA1...AN of N adjacent ancillas
after they have interacted with S .
The key point in our approach is that even though the an-
cillas are initially independent, the final state ρA1...AN is gener-
ally correlated due to their common interaction with S and the
continuous exchange of information between S and E. As a
consequence, measurements on the collective state ρA1...AN of
N ancillas, e.g. bipartite measurements (N = 2) as in Fig. 1(b),
could in principle give us more information about the temper-
ature of the environment as compared to individual measure-
ments of N ancillas.
Temperature estimation - The quantum Fisher informa-
tion (QFI) allows quantifying the precision of a thermometry
scheme without reference to an explicit measurement proto-
col or experimental implementation [1, 4, 5, 30]. Indeed, the
standard deviation of any unbiased temperature estimator ∆T
obeys the Quantum Cramer-Rao bound
∆T 2 ≥ 1F (T, ρ) , (3)
where F (T, ρ) is the QFI of temperature given the
temperature-dependent quantum state ρ.
Conventionally, ρ is taken to be the state of a probe system
that is in direct thermal contact with the environment. More-
over, the inequality (3) is in general strict. The only exception
is if the probe fully thermalizes. In this case its information
content about the temperature will be given by the thermal
Fisher information (TFI)
F (T, ρ) = Fth = CkBT 2 , C =
〈
H2A
〉
− 〈HA〉2
kBT 2
, (4)
with HA the ancilla Hamiltonian and C its heat capacity. In
this special case, there exist estimators for which the inequal-
ity (3) is saturated in a single shot [7, 8]. Repeating this
process with N probes then yields the aforementioned 1/N-
scaling of (∆T/T )2.
Here, by contrast, N ancillas acquire information about E
indirectly and get correlated with each other through succes-
sive interactions with S . Information is extracted from the
N-ancilla state ρA1...AN by means of a quantum measurement
described by a positive operator valued measure (POVM) Πx,
where x denotes the set of possible outcomes. This produces a
probability distribution p(x) = tr
{
ΠxρA1...AN
}
, from which one
can construct the Fisher information
FN(Π,T, ρA1...AN ) =
∑
x
p(x)
(
∂
∂T
ln p(x)
)2
. (5)
The QFI is obtained by maximizing over all possible POVMs
acting on a block of N ancillas, resulting in [30]:
FN(T, ρA1...AN ) = max
Π
FN(Π,T, ρA1...AN ) = tr(ρA1...AN Λ
2) (6)
where Λ is the symmetric logarithmic derivative, which is
a solution of the Lyapunov equation ΛρA1...AN + ρA1...AN Λ =
2∂TρA1...AN .
In Eq. (6), the length N of the block of ancillas is arbi-
trary, with FN representing the optimal precision that can be
obtained from access to all possible measurement strategies
on N ancillas. For instance, F1 represents the best possible
precision that can be obtained from information on individual
ancillas, as encoded in the completely marginalized product
state (ρ′A)
⊗N (irrespective of whether the ancillas are corre-
lated or not). In this scenario the Fisher information for N
3FIG. 2. Quantum Fisher information F1 in units of Fth(≈ 0.015) for
a single ancilla at steady state, as a function of the S E coupling γτS E
and the S A coupling gτS A for (a) ground-state ancillas and (b) |+〉-
ancillas at kBT/~Ω = 2 (i.e. n¯ = 1.514). Dotted contour lines mark
where F1 = Fth; coherent ancillas only exceed this in the limit of
strong environment coupling and in close vicinity of a full swap.
ancillas is simply NF1 and will thus be linear in N by con-
struction. However, in general ρ′A will not be the thermal state
of the environment, so that, as we show below, one can still
obtain advantages over the TFI (4).
Another key advantage of our framework is that, once the
system is operating in the steady-state, collective measure-
ments on blocks of N ancillas always lead to advantages when
compared with individual measurements. This is due to the
fact that the steady-state is translation invariant, so that all
ancillas individually contain the same amount of information
(and hence collective states can only contain more). Or, in
symbols, FN ≥ NF1, with equality when the ancillas are not
correlated to each other. Collective measurements hence al-
ways lead to superlinear scalings.
Qubit model - We now introduce a minimal qubit model
that fits the described framework. We take the system and
ancillas to be resonant qubits with frequency Ω, so that HS =
~ΩσSz /2 and HA = ~Ωσ
A
z /2, where σi are the Pauli matrices.
The S E interaction is modeled by a standard quantum master
equation which, in the interaction picture, reads as
dρ
dt
= LS (ρ) = γ(n¯ + 1) D[σS−] + γn¯ D[σS+]. (7)
HereD[L] = LρL†− 12 {L†L, ρ}, γ is a temperature-independent
coupling constant, and n¯ = (e~Ω/kBT − 1)−1. The thermal map
ES in Eq. (1) is obtained by integrating Eq. (7) over a certain
time τS E , yielding ES (ρ) = eLS τS E (ρ).
Motivated by the framework of thermal resource theory
[31], we describe the S A interactions by a partial SWAP
Hamiltonian VS An = ~g(σ
S
+σ
An− +σS−σ
An
+ ), which describes en-
ergy exchange as a thermal operation that does not require ex-
ternal work when on resonance. We are left with the effective
S E and S A couplings, γτS E and gτS A, the temperature T , and
the initial ancilla state ρA as the free parameters of our model.
Information acquired by a single ancilla - We begin by ad-
dressing the scenario where one only has access to individual
measurements on each ancilla. This means that irrespective of
whether or not the ancillas are correlated, these correlations
are assumed to be inaccessible to the experimenter. When the
first ancilla interacts with the initially thermal state of the sys-
tem, its QFI will be bounded by the TFI (4), which in this
specific case reads Fth = (~Ω/2kBT 2)2 sech2 (~Ω/kBT ). For
subsequent ancillas, this is no longer true since the system
state does not remain thermal. Once the stroboscopic steady
state ρ∗S is reached, however, the QFI for all ancillas become
identical and equal to F1 in Eq. (6) (with the Fisher informa-
tion for N ancillas being simply NF1). Remarkably, as we
now show, in this case each ancilla can actually gain more
information than Fth.
Figure 2 depicts F1/Fth as a function of the couplings gτS A
and γτS E for an exemplary temperature. In (a) and (b), we
consider ancillas prepared in the ground state |g〉 and in the
state |+〉 = (|g〉 + |e〉)/√2, respectively. The TFI bound is
always attained for full swaps (gτS A = pi/2) in the limit of
perfect thermalization between subsequent ancillas (γτS E →
∞), which is barely visible for the coherent case in (b). The
greatest QFI values are generally attained also close to a full
swap, but with ground-state ancillas. For instance, in (a) we
see F1/Fth ≈ 4 for γτS E . 1; the attainable ratio would grow
with temperature.
The reason for this enhancement is that, at steady-state op-
eration and incomplete thermalization between adjacent in-
teractions, the ancillas probe the environment temperature not
only through the average system excitation (which saturates at
1/2 for high T ), but also through the effective thermal relax-
ation parameter Γ = γ(2n¯ + 1)τS E (growing indefinitely with
T ). Explicitly for full swaps between ρ∗S and ground-state an-
cillas, the QFI reads as
F1
Fth =
(n¯ + 1)
(
eΓ − 1 + 2n¯Γ
)2
e2Γ(n¯ + 1) − n¯ − eΓ , (8)
which makes evident the sensitivity on Γ. A similar depen-
dence on the relaxation rate was also observed in Ref. [12],
but for a single qubit-environment interaction.
This effect is particularly advantageous at high tempera-
tures (kBT  ~Ω), where Eq. (8) exhibits a maximum at
Γ ≈ 0.8, in which F1/Fth ≈ 0.65(kBT/~Ω)2. For kBT  ~Ω
one may therefore go significantly above thermal sensitivity.
The existence of this maximum is a competition of two limit-
ing cases. In the Zeno limit, Γ  1, one gets F1 → 0. Con-
versely, when Γ  1 Eq. (8) behaves as F1/Fth ' 1 + 4Γn¯e−Γ,
which tends to 1, always from above. This means that for large
Γ (which can always be obtained by choosing a sufficiently
large τS E) one will always be above thermal sensitivity. For
low temperatures, on the other hand, while it is possible to go
above Fth, no substantial improvements take place.
Exploiting ancilla correlations - Substantial enhance-
ments can also be obtained by exploiting the correlations be-
tween ancillas, as captured by the QFI FN in Eq. (6) [33].
Figure 3 shows the numerical behavior of the QFI as a func-
tion of N in the weak-coupling limit for various ancilla states
4FIG. 3. Log-log plot of quantum Fisher information FN in units of Fth (≈ 0.015) with the number of measured ancillas, N, for a fixed weak
S A coupling gτS A = pi/100 and kBT/~Ω = 2. Panels (a) to (d) correspond to S E couplings γτS E = 0.01, 0.1, 0.4, and 1 respectively. Numerics
is limited to 12 data points [32, 33]. The markers (blue dots, red circles, and purple crosses) correspond to the use of |g〉, |e〉, and |+〉-state
ancillas while the dotted lines give the individual measurement scenario NF1. Note that the purple line for |+〉-state ancillas cannot be seen in
Panels (c) and (d) as F1 < 10−5Fth there.
(dots, circles, and crosses for |g〉, |e〉, and |+〉 respectively) and
thermal couplings. As mentioned below Eq. (6), in our frame-
work collective measurements always lead to an advantage in
comparison with individual measurements. This is quite vis-
ible in Fig. 3, where all choices of parameters always lead to
a scaling that is larger than NF1 (dotted lines). Fig. 3(a) rep-
resents the Zeno limit Γ → 0, with γτS E = 0.01. In this case
the superlinear enhancements in FN are not substantial. Bet-
ter results are achieved in the interval of intermediate γτS E ,
between 0.1 and 1 in (b)-(d). For greater γτS E  1, correla-
tions between successive ancillas vanish and FN → NF1. We
also observe that |e〉-ancillas are initially worse but eventually
catch up to |g〉-ancillas around N ∼ 10. Ancillas in |+〉-states
exhibit the highest superlinear enhancement.
The superlinear improvement is caused by quantum corre-
lations that build up between subsequent ancillas. Indeed, a
large improvement occurs between F1 and F2 when they be-
come accessible. The state of two adjacent ancillas, for in-
stance, not only encodes information about T in the individual
excitations, but it also exhibits genuine distributed coherence
[34]. For instance, if ρA = |g〉 〈g|, we find the coherence
〈ge|ρA1A2 |eg〉 = e−Γ/2 cos(gτS A)p′A, (9)
where
p′A = 〈e|ρA1 |e〉 =
n¯(1 − e−Γ) sin2(gτS A)
(2n¯ + 1)
[
1 − e−Γ cos2(gτS A)] , (10)
is the population of a single ancilla. This excitation probabil-
ity p′A is limited by the weak coupling angle gτS A and vanishes
in the Zeno limit Γ → 0. The coherence (9), however, decays
with an additional e−Γ/2, so once again we should obtain opti-
mal quantum enhancements at moderate Γ.
The enhancement when going from F1 to F2 can be signif-
icant. To illustrate this, we consider the case gτS A  1 and
ground-state ancillas, for which we find
F2
2F1 ≈ 1 +
(n¯Γ)2
eΓ − 1 + O
[
gτS A
]2 . (11)
This ratio has a maximum at 0.65n¯2, attained at Γ ≈ 1.6. For
large n¯ the enhancement can therefore be quite significant.
Similarly, excited-state ancillas have their best enhancement
of 0.65(n¯ + 1)2 at the same Γ-value. The QFI FN at this value
of Γ is presented in Fig. (3(c).
Exploiting the correlations between the ancillas may be par-
ticularly useful in the weak system-ancilla coupling regime
(gτS A  1). In this case the process is much less invasive so
that F1 is generally quite small. It therefore becomes impor-
tant to exploit the substantial enhancements stemming from
correlations. For instance, in Fig. 3(b), we get F10/10F1 ≈ 4,
10, and 14 for |g〉, |e〉 and |+〉 respectively. We emphasize that
this does not require initial correlations between the ancillas,
which further demonstrates the virtue of the collisional ther-
mometry scheme.
Feasibility- The key assumption behind our setup is the dy-
namical nature of the sequential interactions. This does not
mean, however, that one needs to have access to an infinite
number of ancillas. A finite number together with the ability
to recycle/reset them (e.g. by coupling them to a large bath)
is sufficient. For example, one can design the following pro-
tocol for N = 2 ancillas: interact them sequentially with the
system, perform a collective measurement on both, and then
reset them to their original state. Repeating this process over
and over will generate precisely our collisional setup, but al-
lowing one to only exploit the advantages quantified by F2.
Finally, it is also worth mentioning that local measurements
on the ancillas also lead to some correlations, although usually
much smaller than those extractable from collective measure-
ments. Notwithstanding, these correlations may be exploited
in a similar way.
Conclusions- We have introduced a framework for ther-
mometry using collisional models. As an example, we have
demonstrated that improved sensitivities of temperature can
be reached even in a minimal qubit model. Specifically, if
one is not constrained by short probing times or weak inter-
actions, our scheme predicts a sensitivity that could outper-
5form the thermal Cramer-Rao bound. In addition, our scheme
also yields enhancements by exploiting the correlations devel-
oped between the ancillas. In fact, due to the translational in-
variance of the stroboscopic steady-state, collective measure-
ments will always lead to an advantage when compared with
individual measurements. Our framework opens the doors
for metrology as a whole in the context of an open system,
e.g. measuring environment relaxation rates. A natural and
interesting follow-up would be whether it is possible to push
further these enhancements by considering probes with initial
entanglement.
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